Flexoelectricity is a size-dependent electromechanical mechanism coupling polarization and strain gradient. It exists in a wide variety of materials, and is most noticeable for nanoscale objects, where strain gradients are higher. Simulations are important to understand flexoelectricity because experiments at very small scales are difficult, and analytical solutions are scarce. Here, we computationally evaluate the role of flexoelectricity in the electromechanical response of linear dielectric solids in two-dimensions. We deal with the higher-order coupled partial differential equations using smooth meshfree basis functions in a Galerkin method, which allows us to consider general geometries and boundary conditions. We focus on the most common setups to quantify the flexoelectric response, namely bending of cantilever beams and compression of truncated pyramids, which are generally interpreted through approximate solutions. While these approximations capture the size-dependent flexoelectric electromechanical coupling, we show that they only provide order-of-magnitude estimates as compared to a solution fully accounting for the multidimensional nature of the problem. We discuss the flexoelectric mechanism behind the enhanced sizedependent elasticity in beam configurations. We show that this mechanism is also responsible for the actuation of beams under purely electrical loading, supporting the idea that a mechanical flexoelectric sensor also behaves as an actuator. The predicted actuation-induced curvature is in a good agreement with experimental results. The truncated pyramid configuration highlights the critical role of geometry and boundary conditions on the effective electromechanical response. Our results suggest that computer simulations can help understanding and quantifying the physical properties of flexoelectric devices. a) http://www.lacan
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I. INTRODUCTION

Since its introduction by Mashkevich and Tolpygo
1 , flexoelectricity has been identified as an important electromechanical coupling in a wide variety of materials, including cellular membranes, liquid crystals, polymers, graphene, and piezoelectric and non-piezoelectric crystals 2 . With the emergence of nanoscale fabrication and characterization, the interest in the flexoelectric effect has acquired a renewed vitality. See Refs. [2] [3] [4] for recent reviews. Phenomenologically, the flexoelectric effect describes the generation of an electric polarization induced by strain gradient:
where P is the electric polarization, ε is the mechanical strain, and µ is a fourth order flexoelectric tensor. Two features make flexoelectricity distinct from other electromechanical coupling mechanisms such as piezoelectricity. The first feature is its universality, due to the fact that a strain gradient can disrupt the inversion symmetry of the internal structure of a material, e.g. its crystalline structure, regardless of the lack of polarity of its undeformed configuration, hence inducing a polarization. As a result, the flexoelectric coefficients are generically non-zero for all dielectrics. The flexoelectric effect is prominent in materials with high dielectric constants such as ferroelectrics [5] [6] [7] [8] [9] [10] . Piezoelectricity is less universal since it can only appear in non-centrosymmetric crystals. The second distinguishing feature of flexoelectricity is its size-dependence, due to the scaling of strain gradients with structural size. Despite its universality, the flexoelectric effect is typically insignificant relative to piezoelectricity at macroscopic scales, and only manifests itself noticeably at the nanoscale.
For this reason, the experimental observation of flexoelectricity is particularly difficult, which motivates the development of theoretical models to investigate this phenomenon.
A number of theoretical studies have focused on understanding the flexoelectric behavior of dielectrics. Kogan presented the first phenomenological theory and provided a rough theoretical estimate of the flexoelectric coefficient 11 . The first comprehensive study is by Here, we resort to local maximum-entropy (LME) meshfree approximants 42 . The basis functions exhibit C ∞ smoothness, and therefore a straight Galerkin approach is possible. LME approximants have been successfully applied to a variety of problems with high-order functionals including biomembrane phase-field models 43, 44 , or thin-shells 45, 46 .
We use this computational approach for flexoelectricity of linear dielectric solids in twodimensions to examine common experimental configurations used to evaluate the flexoelectric effect, given the current disagreement of flexoelectric constants obtained with different methodologies. We anticipate that a poor quantification of the flexoelectric effect with current simple estimations may be one of the sources of current controversies in material characterization 3 . Another controversy in flexoelectricity is even more profound, as its existence as a bulk effect has been put into question, favoring an explanation of experiments through surface effects 14, 34 . A proper investigation of this issue demands an accurate solution of the bulk equations. We do not address this controversy here, but our simulation methodology provides tools for this debate.
A continuum theory of flexoelectricity is presented in Section II. We then perform simu- Section IV summarizes the main results of the paper.
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II. THEORY
We summarize next a linear theory of flexoelectricity previously proposed in Refs. 17, 19 and references therein. The electrical enthalpy density of a linear dielectric solid possessing piezoelectricity and flexoelectricity can be written as
where E i = −φ ,i is the electric field, φ being the electric potential. The first energy term is the elastic potential, where C is the fourth-order tensor of elastic moduli. The piezoelectric coupling between the strain and electric field is through the second term with the third-order tensor of piezoelectricity e. The last energy term is the electrostatic contribution, where κ is the second-order dielectric tensor. Here, our particular attention is on the third and fourth terms, which define the flexoelectric behavior of the material. The term coupling the gradient of strain ∇ε to the electric field is the direct flexoelectric coupling through the fourth-order tensor f . Conversely, the gradient of electric field ∇E is coupled to strain through the fourth-order tensor d, termed converse flexoelectric effect. Using integration by parts, it has been shown that these flexoelectric energy terms can be expressed by only one term with one material tensor µ 19 . The electrical enthalpy density in Eq. (2) is then rewritten as
where 47, 48 for recent accounts on the symmetry of the tensor of flexoelectric coefficients. The two forms of the enthalpy density in Eqs. (2) and (3) result in identical governing equations, and only the associated natural boundary conditions are different. We ignore strain gradient elasticity for simplicity and to isolate the effect of flexoelectricity, although as argued in Ref. 35 and later in this paper, this may compromise the stability of the model in some regimes.
Defining the usual stress and electric displacementŝ
and the higher-order (hyper) stress and electric displacements arising from flexoelectricity,
6 the physical stresses σ and the physical electric displacements D emerging from the theory can be written as
and
In these equations we have assumed that the material properties are uniform. The last term in Eq. (6) is a mechanical stress induced by gradients of the electric field, while the last term in Eq. (7) is the induced polarization in Eq. (1) 
where φ and ω are the prescribed electric potential and surface charge density, and Γ φ ∪Γ D = ∂Ω is the boundary of the domain Ω with unit normal n i .
As for the mechanical boundary conditions, either displacement or traction need to be specified:
where u i and t k are the prescribed mechanical displacements and tractions,
and Γ u ∩ Γ t = ∅. It is clear that the traction boundary condition in Eq. (11) is affected by the higher-order stresses. In addition to these, the strain gradients result in other types of boundary conditions as 35 :
where υ is the prescribed normal derivative of displacement, r k is the higher-order traction,
Here, we assume homogeneous natural boundary conditions on Γ v and Γ r , i.e. υ i =r k = 0.
The total electrical enthalpy can then be written as
and the weak form of mechanical and electrostatic equilibrium is
Eq. (15) is the foundation for the computations presented later. The electric potential and mechanical displacement fields, φ and u, as well as their variations, are approximated with the local maximum-entropy basis functions and the usual Galerkin procedure is carried out to derive the discrete algebraic equations. See Appendix A for details.
In the numerical calculations of the paper, we adopt a simple choice for the symmetry of the material tensors, but general enough to capture the multidimensional couplings of the field equations. We consider isotropic elasticity under plane strain conditions, adopt cubic symmetry for the flexoelectric tensor, and tetragonal symmetry for the piezoelectric tensor, see Appendix A. Because of the cubic symmetry of the flexoelectric tensor, there are only three independent components, µ 1111 , µ 1221 , and µ 1212 (or in matrix notation µ 11 , µ 12 , and µ 44 ) 21, 48 . In the paper, we only consider the longitudinal and transversal coefficients, µ 11 and µ 12 , since the shear coefficient µ 44 is poorly characterized.
III. NUMERICAL RESULTS
A. Cantilever beam
We consider cantilever beams under a point load and different electrical boundary conditions, as depicted in charge free (ω = 0 in Eq. (9)). In the closed circuit configuration, two electrodes are attached to the sample at the top and bottom faces. The top electrode is connected to ground, and the bottom electrode can either prescribe a voltage difference V , or undergo a change of electric potential as a result of deformation. In this case, we constrain the electric potential to a constant but initially unknown value, which is found as a result of the numerical calculation using Lagrange multipliers. The material parameters are chosen to fit the behavior of single crystals of barium titanate (BaTiO 3 ).
Mechanical loading
The cantilever beams presented in Fig. 1 can convert the mechanical energy induced by the point load into the electrical energy due to electromechanical coupling of the material.
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This energy conversion can be represented by the electromechanical coupling factor k ef f
where the numerator indicates the total electrical or electrostatic energy and the denominator presents the total elastic energy. Considering both piezoelectricity and flexoelectricity for the open circuit cantilever beam, an analytical estimation for k ef f is presented in Ref.
where χ = χ 33 is the electric susceptibility, K = κ 33 is the dielectric constant, Y is the Young's modulus, e = e 31 = e 311 is the transversal piezoelectric constant, and µ = µ 12 is the transversal flexoelectric constant. To obtain this formula, it is assumed that the only non-zero components of the stress and electric field are σ 11 and E 2 , respectively. Then, the normalized effective piezoelectric constant is written as
where k piezo is obtained by neglecting flexoelectricity (µ = 0) in Eq. (17). beam thickness due to flexoelectricity. At larger scales, the effect of flexoelectricity vanishes and the response of the beam converges to that of purely piezoelectric one, i.e. e = 1. We evaluate this effect by defining the normalized effective stiffness as:
where ε f and ε e are the strains obtained from the simulations of the model with and without considering flexoelectricity, respectively. The particular deformation of the beam due to flexoelectricity observed in the inset of This distribution of moments explains the particular deformation of the beam (iv). This figure, in particular (ii), also suggests studying the actuation induced by flexoelectricity under an applied voltage difference V . We explore this point in the following Section.
Electrical loading
To investigate the electromechanical response of the cantilever beam under purely electrical loading, the mechanical point load F is set to zero and the voltage V is applied to the bottom side of the closed circuit model, see 
where k is a constant depending on the material properties. From Fig. 5 , we obtain k = 0.6 nm. Note that the sign of the beam curvature is reversed by reversing the direction of the electric field, which was also reported in Ref. 
B. Truncated pyramid
Another setup to quantify the flexoelectric response of dielectric solids is the compression of a truncated pyramid. The geometry of the truncated pyramid in plane strain and its boundary conditions are shown in Fig. 6(a) . A force of magnitude F is applied uniformly at 
Present calculation Experiment
It is clear that these assumptions are simplistic and in practice, the strain and electric field gradients can be strongly inhomogeneous, particularly near the pyramid corners. To investigate this point, we perform simulations using the model in Fig. 6 (a) and the material parameters of BaTiO 3 in Tab. I. We consider a non-piezoelectric material with the flexoelectric constants µ 12 = µ 11 . The aspect ratio is chosen as h = a 1 = a 2 /3, where h is the height of the truncated triangle. The electric potential is fixed to zero at the top and to a constant but a priori unknown value V at the bottom electrode, as discussed earlier. This model is inspired in the work of Cross and coworkers 21, 22, 52 , where they performed experiments on an array of truncated pyramids under compression. In these experiments, electrodes were deposited on the top and bottom sides of the pyramids to collect the induced charges. With the resulting V , the effective piezoelectric constant e 33 can be calculated as
To derive Eqs. (21) and (22), it is assumed that the flexoelectric truncated triangle mimics the behavior of a piezoelectric rectangle with piezoelectric constant e 33 , elastic constant c 11 , dielectric constant κ 33 , width a 2 , height h and under load F .
We consider two sets of mechanical boundary conditions at the bottom surface. The first assumption is that the bottom support is fully flexible, i.e. the applied force F induces a uniform traction on the bottom face as in Fig. 6(a) . The second assumption considers a rigid support, which prevents the vertical movement of the bottom side, i.e. u 2 = 0. In this situation, a non-uniform traction is induced on the bottom surface. and (e) for the present model with the flexible and rigid support conditions. In addition,
we observe that the deformation mode of the pyramid with the flexible support includes a bending component. It is clear in Fig. 6 (d) that due to the bending, the strain changes sign with respect to Fig. 6(c) . This is not the case for parameters, we obtain a critical thickness for loss of stability of 5.7 nm. At these small scales, the continuum model that we are following is insufficient. Leaving aside that atomistic simulations may be more adequate in some cases, a continuum model at these scales should include strain gradient elasticity and surface effects, such as surface piezoelectricity 14 .
IV. CONCLUSIONS
We have addressed computationally the flexoelectric response in dielectric solids, resorting to smooth local maximum-entropy (LME) meshfree approximants to deal with the high- Our results suggest that actuators or energy-harvesting devices based on flexoelectricity can be optimized to achieve significantly better performance by properly designing their geometry and boundary conditions, including the mechanical confinement and electrode configuration. For this purpose, computational techniques are very valuable to guide experimental implementations.
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APPENDIX A: NUMERICAL APPROXIMATION
In recent years, a new sort of polygonal approximants 53 and meshfree approximation schemes 42 have been developed based on the information theoretic concept of maximumentropy. Essentially, these methods allows us to determine a set of smooth basis functions p a (x), each localized around its corresponding node of the grid. In particular, we follow the LME approximants as detailed in Ref. 54 , and expand the continuum fields as
From now on, we ignore the arguments of the basis functions and nodal values for simplicity, i.e. u = N a=1 p a u a . We thus have
Note that these terms involve the gradient and Hessian of the LME basis functions.
Plugging the discrete representation into the total electromechanical enthalpy in Eq. (14),
we obtain the algebraic function in terms of the nodal displacements and electric potential degrees of freedom
where the stiffness tensor C, the dielectric tensor K, the piezoelectric tensor e, and the flexoelectric tensor µ have been written in Voigt form as The gradient operators B u and B φ and the Hessian operator H u can be written in Voigt form as
Following the usual Galerkin procedure, it is possible to derive the discrete algebraic equations for the equilibrium as 
where the basis functions derivatives are evaluated at the corresponding each quadrature point.
APPENDIX B: CONVERGENCE ANALYSIS
As in other numerical techniques to approximate boundary value problems, we perform here a convergence analysis to assure the accuracy of the results. We perform a number of simulations for both the cantilever beam and the truncated pyramid with fixed normalized sizes of h = 4 and h = 10, respectively. For each example, five node sets of variable resolution are considered. The nodes are uniformly distributed for the cantilever beam. To capture the sharp changes of the strain and electric field near the edges of the pyramid, the nodal spacing is chosen to be smaller near the edges than in the bulk. To increase the resolution of each node set, the nodal spacing is decreased by half by inserting an extra node between each pair of closest nodes. with different values of γ, a dimensionless parameter characterizing the degree of locality of the LME basis function. The inset shows a representative computational node set for each case.
